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Abstract
Value-at-risk is one of the important subjects that extensively used by researchers and
practitioners for measuring and managing uncertainty in financial markets. Although value-
at-risk is a common risk control instrument, but there are criticisms about its performance.
One of these cases, which has been studied in this research, is the value-at-risk underes-
timation during times of crisis. In these periods, the non-Gaussian behavior of markets
intensifies and the estimated value-at-risks by normal models are lower than the real values.
In fact, during times of crisis, the probability density of extreme values in financial return
series increases and this heavy-tailed behavior of return series reduces the accuracy of the
normal value-at-risk estimation models. A potential approach that can be used to describe
non-Gaussian behavior of return series, is Tsallis entropy framework and non-extensive sta-
tistical methods.
In this paper, we have used non-extensive value at risk model for analyzing the behavior of
financial markets during times of crisis. By applying q-Gaussian probability density function,
we can see a better value-at-risk estimation in comparison with the normal models, especially
during times of crisis. We showed that q-Gaussian model estimates value-at-risk better than
normal model. Also we saw in the mature markets, it is obvious that the difference of
value-at-risk between normal condition and non-extensive approach increase more than one
standard deviation during times of crisis, but in the emerging markets we cannot see a specific
pattern.
1 Introduction
Financial markets can be seen as complex networks of heterogeneous agents which are
coupled with each other and with their environments (Farmer et al., 2012)(DArcangelis &
Rotundo, 2016)(Schweitzer et al., 2009)(Namaki, Raei, Asadi, & Hajihasani, 2019). This
complexity gets more importance during the financial crisis. The concept of risk is an impor-
tant challenging issue in financial complex systems during times of crisis (Hosseiny, Bahrami,
Palestrini, & Gallegati, 2016).
There are many instruments and methods for risk estimation and measurement. One of
the earliest models for estimation of risk in financial markets is Marcowitzs mean-variance
model that considers risk as the standard deviation of return series over time period of
study (Markowitz, 1952). There are many other models suggested by researchers, such
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as semi-variance(Hogan & Warren, 1974), Lower Partial Moment(Nawrocki, 1992), expected
shortfall(Acerbi & Tasche, 2002) and etc. But in practice one of the most used instruments for
risk management is value-at-risk. Value-at-risk evaluates maximum expected loss in a specific
confidence level over a time horizon (Jorion, 2006)(Basak & Shapiro, 2001). There are several
parametric and non-parametric methods to compute value at risk. In parametric methods,
we should fit a statistical distribution to return series and use the corresponding probability
density function to compute value-at-risk in the specified confidence level (Jorion, 2006). As
a straightforward solution we can use Gaussian probability distribution to calculate value-at-
risk, but the problem with this approach is that the non-Gaussian behavior of financial time
series increases during times of crisis(Namaki, Lai, Jafari, Raei, & Tehrani, 2013)(Sornette,
2002). In most cases, specially during times of crisis, the market return series have heavy-
tailed behavior that cannot be described by normal distribution (Lux, 1998)(Kittiakarasakun
& Tse, 2011). In the other hand, non-parametric methods using historical or Monte Carlo
simulation often have better performance in comparison with parametric methods. But there
are some difficulties to use these methods. They often require large amounts of past data and
so it is difficult to collect the extensive data. This limits the use of non-parametric methods
(Resti & Sironi, 2007). Also, non-parametric methods of value-at-risk are more complex in
terms of computation than parametric methods and impose a high computational cost (Resti
& Sironi, 2007).
It would be desirable if we had a statistical distribution that estimates the value at risk
more accurate than the Gaussian distribution. In practice often return series have leptokurtic
behaviors that cannot be described by Gaussian distribution (Fama, 1965). This issue leads
to underestimation of value at risk based on the normal conditions (NicholasTaleb, 2009).
This poor performance of Gaussian based value at risk models is intensified during times
of crisis (Sornette, 2009)(Sornette, 2002). It seems that applying a statistical distribution
which describes the heavy-tailed behavior of return series better than normal distribution,
can give us more real estimation of value at risk (Tsallis, 2017).
A potential approach for describing the heavy-tailed behavior of the real world is using
non-extensive statistical framework and Tsallis entropy (Tsallis, 1998)(Queirs, 2005)(Queirs
& Tsallis, 2005). This approach leads us to use q-Gaussian probability density function in
which q parameter is considered as a factor for quantifying non-Gaussian behavior of the
stochastic variable (Tsallis, 1995)(Tsallis, 2002)(Gradojevic & Genay, 2011)(Gradojevic &
Genay, 2008).
Recently Tsallis entropy has been used by researchers to study the financial markets
and their behavior during times of crisis. Genay and Gradojevic compared the 1987 and
2008 financial crisis using entropic risk management measures and suggested the entropic
methodology as a market sentiment indicator (Genay & Gradojevic, 2017). Bill et al. used
non-extensive statistical framework to study the behavior of volatility in Polish stock market
(Bil, Grech, & Podhajska, 2016). Borland have used Tsallis entropy framework to create an
option pricing model (Borland, 2002)(Vellekoop & Nieuwenhuis, 2007)(Borland & Bouchaud,
2004). Kozaki and Sato applied the non-extensive statistics in portfolio risk management
(Kozaki & Sato, 2008). Zhao et al. proposed an optimal portfolio selection model based on
Tsallis non-extensive statistical mechanics using value-at-risk as constraint for optimization
model (Zhao, Wang, & Song, 2018). Namaki et al. used non-extensive statistical framework
for analyzing the financial markets during times of crisis and found that q parameter increases
in these periods (Namaki et al., 2013).
In this paper, we have analyzed the difference of value-at-risk between normal condition
and non-extensive approach in mature and emerging markets over a 20 years time period.
The empirical data for this research collected from mature and emerging markets from
January 20, 2000 to March 20, 2019, except Tehran Stock Exchange price index data, which
is available from January 20, 2009 to March 20, 2019. Dow Jones Industrial Average (DJIA),
Tokyo Stock Exchange (Nikkei 225) and Frankfurt Stock Exchange (DAX) are selected as
mature markets. Indices of Tehran Stock Exchange (TSE), Shanghai Stock Exchange (SSE)
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and Bombay Stock Exchange (BSE) are considered as emerging markets.
This research is organized in 4 sections. In part 2 the statistical models and methods will
be defined. Data analysis and implementation of statistical models are considered in section
3. Section 4 is dedicated to conclusions.
2 Methods
2.1 q-Gaussian Distribution
In order to describe the heavy-tailed behavior of financial time series, we can use the
concept of Tsallis entropy (Tsallis, 2017)(Tsallis, 2002)(Gradojevic & Genay, 2011). Tsallis
entropy function as an generalized entropy function (Furuichi, 2009)(Tsallis, 1988), is defined
as,
Sq =
1− ∫ P (x)qdx
q − 1 . (1)
In this framework the parameter q acts as an index for non-Gaussianity.
Under the following conditions,
∫
P (x)dx = 1 (2)∫
P (q)(x)x2dx = σq
2 (3)
where P (q)(x) = P
q(x)∫
P q(x)dx
. The maximum entropy principle leads us to q-Gaussian proba-
bility density function as,
Pq(x) =
1
Zq
(
1− 1− q
3− q
x2
σq2
) 1
1−q
+
. (4)
In this equation q 6= 1, q < 3, a+ = max(a, 0) and Zq is normalization factor that can be
obtained as below,
Zq =
∫ (
1− 1− q
3− q
x2
σq2
) 1
1−q
+
dx. (5)
Assuming 1 < q < 3 then Zq =
(
3−q
q−1σq
2
) 1
2
B( 3−q2(q−1) ,
1
2 ).
Here B(a, b) =
∫
ta−1(1− t)b−1dt, (a, b > 0) is the beta function.
Figure 1 shows that when q value gets closer to 1, q-Gaussian probability density function
is more similar to normal probability density function.
2.2 Value-at-Risk (VaR)
As mentioned before, in this paper we want to use the concept of Tsallis entropy for
the value-at-risk calculation. Value-at-risk is defined as maximum expected loss over a time
horizon, at a specified confidence level (Jorion, 2006)(Resti & Sironi, 2007),
Pr(P (T )− P (0) < −V aR) = 1− α (6)
Where T is time horizon and α is the confidence level. In our case P (x) is normal or
q-Gaussian probability density function.
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Figure 1: Standard q-Gaussian PDFs for different q parameters
As an example, assume that daily value-at-risk calculated for an investment portfolio
is 15$ in 95% confidence level. This means that in the next 100 days, the maximum loss
expected to be exceeded only 5 times. Figure 2 depicts the value-at-risk concept on a
Gaussian probability density function diagram.
To implement the statistical models and analysis of the results, we calculate daily return
time series of price indices
rt = ln
xt
xt−1
, (7)
assuming xt is the price index value for t-th day. Then we normalize the resulted values as,
r¯t =
rt − µr
σr
, (8)
where µr and σr are the mean and standard deviation of return time series.
3 Findings and Results
In this section, q-Gaussian distributions have been fitted for the empirical distribution
of market indices. The estimated q parameter for each mature and emerging market has
been calculated and presented in Table 1 and Table 2. The maximum likelihood estimation
(MLE) method has been used to estimate q parameters. Also, the calculated values for q
parameter in mature and emerging markets are given in Table 1 and Table 2 respectively.
The results of back-tests show that the q-Gaussian value-at-risk performs better than
normal value-at-risk. Table 1 and Table 2 include back-test results for mature and emerging
markets. Results have been generated in various confidence levels from 0.95 to 0.99. As an
example, where the confidence level is 0.97, the value-at-risks computed for DAX are 2.76 and
3.14 per 100$ based on normal and q-Gaussian models respectively. In the case of normal
condition, approximately 3.43 percent of losses exceed the calculated value-at-risk, which
shows underestimation comparing with 3 percent tolerance level. This underestimation is
disappeared by using q-Gaussian model. In the case of q-Gaussian value-at-risk, almost 2.47
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Figure 2: Value at Risk (The specified area equals to 1− α, where α is confidence level.)
Table 1: Back-test results for mature markets (n = number of observations)
α Method
DJIA (q = 1.212, n = 4567) N225 (q = 1.176, n = 4456) DAX (q = 1.194, n = 4609)
VaR Errors VaR Errors VaR Errors
0.95
q-Gaussian 2.0580 163 %3.5691 2.7122 155 %3.4785 2.6797 170 %3.6884
Gaussian 1.8298 211 %4.6201 2.4692 195 %4.3761 2.4121 222 %4.8167
0.96
q-Gaussian 2.2180 128 %2.8027 2.9148 129 %2.8950 2.8835 139 %3.0158
Gaussian 1.9488 186 %4.0727 2.6287 166 %3.7253 2.5681 184 %3.9922
0.97
q-Gaussian 2.4223 102 %2.2334 3.1716 98 %2.1993 3.1427 114 %2.4734
Gaussian 2.0951 155 %3.3939 2.8248 141 %3.1643 2.7599 158 %3.4281
0.98
q-Gaussian 2.7085 73 %1.5984 3.5278 74 %1.6607 3.5040 82 %1.7791
Gaussian 2.2895 117 %2.5619 3.0855 110 %2.4686 3.0148 125 %2.7121
0.99
q-Gaussian 3.1993 48 %1.0510 4.1288 45 %1.0099 4.1184 60 %1.3018
Gaussian 2.5960 82 %1.7955 3.4963 74 %1.6607 3.4165 94 %2.0395
Table 2: Back-test results for emerging markets (n = number of observations)
α Method
TSE (q = 1.218, n = 2455) SSE (q = 1.209, n = 4501) BSE (q = 1.196, n = 4477)
VaR Errors VaR Errors VaR Errors
0.95
q-Gaussian 1.3387 70 %2.8513 2.8872 165 %3.6659 2.5237 146 %3.2611
Gaussian 1.1730 91 %3.7067 2.5745 207 %4.5990 2.2658 195 %4.3556
0.96
q-Gaussian 1.4520 57 %2.3218 3.1096 133 %2.9549 2.7187 132 %2.9484
Gaussian 1.2565 80 %3.2587 2.7408 183 %4.0658 2.4147 161 %3.5962
0.97
q-Gaussian 1.5969 44 %1.7923 3.3934 117 %2.5994 2.9669 113 %2.5240
Gaussian 1.3591 68 %2.7699 2.9451 159 %3.5325 2.5978 141 %3.1494
0.98
q-Gaussian 1.8002 34 %1.3849 3.7905 90 %1.9996 3.3129 88 %1.9656
Gaussian 1.4954 56 %2.2811 3.2168 129 %2.8660 2.8412 125 %2.7920
0.99
q-Gaussian 2.1497 17 %0.6925 4.4705 64 %1.4219 3.9019 54 %1.2062
Gaussian 1.7104 39 %1.5886 3.6449 101 %2.2439 3.2248 92 %2.0549
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Figure 3: Difference between q-Gaussian based VaR and normal VaR in mature and emerging markets
over time period of study with mean line (dashed) and one standard deviation distance line (continuous)
percent of losses are worse than the calculated value-at-risk. Results in emerging markets
are also the similar and are shown in Table 2.
Figure 3 shows the difference between q-Gaussian based value-at-risk and normal based
value-at-risk for three mature markets. We assume one year window by monthly moves. As
it can be seen in all mature markets, during the financial crisis between 2007 to 2009, the
difference of q-Gaussian based value-at-risk and normal value-at-risk increases significantly
and crosses the one standard deviation line. The difference of value-at-risk between q-
Gaussian and normal models can be used as an indicator of financial market crisis. As it is
observable in these charts, all mature markets follow same pattern during the studied time
period. The reason of this similarity is that, these markets are strongly coupled with each
other and they act as components of a big economic environment.
On the other side, in the emerging markets, the difference of q-Gaussian based value-at-
risk and normal value-at-risk changes without any uniform pattern. As it is shown in Figure
3 there is no clear response during global financial crisis in these markets. Each emerging
market has its own specific pattern. This shows that unlike the mature markets, each emerg-
ing market is a separate ecosystem which interacts with the other markets. This behavior
is originated from the domestic economic policies of these countries and their relations with
global markets.
Figure 4 depicts difference of value-at-risk between q-Gaussian and normal models for
DJIA and Nikkei 225 indices, in different time scales. We have considered return series
in 1 to 60 days scales for observing short-term and long-term effects in these markets. The
results have checked for pre-crisis period (2004-2006), crisis period (2007-2009) and post-crisis
period (2010-2012); and have shown that the difference of value-at-risk between q-Gaussian
and normal models increases significantly during times of crisis for different time scales.
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Figure 4: Difference between q-Gaussian based VaR and normal VaR in mature markets with different
time scales
4 Conclusion
In this research, non-extensive statistical framework has been used to estimate the value-
at-risk in mature and emerging markets. The results showed that in the mature markets,
the difference of value-at-risk between q-Gaussian approach and normal method increases
more than one standard deviation during times of crisis. This difference can be used as an
indicator for the financial crisis in mature markets. The results in the emerging markets are
different and the responses during times of financial crisis are not clear. This can be result
of the local economic conditions.
It is observable that all mature markets have same pattern over the time horizon, which
shows these markets coupled with each other and are parts of a bigger economic ecosystem.
Unlike the mature markets, each emerging market has its own specific pattern. In case of
emerging markets, we have different environments with different structures.
Also, we saw that the q-Gaussian approach is a suitable technique for describing the
leptokurtic behavior of financial time series. The measurement of value at risk in both
mature and emerging markets, showed that the q-Gaussian based value-at-risk performs
more reliable than normal value-at-risk, which has been proven by back-tests.
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